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The detection of internal processes such as delamination and crack 
propagation by surface monitoring is of prime concern in QNDE. The derivation 
of the corresponding theoretical results is important in that they can serve to 
validate NDE techniques. This is the motivation behind our interest here in the 
general problem of the response of a laminated plate to an internal impulsive 
line load. 
The plate, consistIng of n perfectly bonded layers, is of finite depth but 
infinite lateral extent. Each layer comprises of a single family of straight, 
parallel, strong fibers embedded in an isotropic matrix. This material is modelled 
as a homogeneous, elastic, transversely isotropic continuum with the direction of 
transverse isotropy in the fiber direction. 
The method of solution is to solve the full 3-dimensional equations of 
elasticity appropriate to each layer. These solutions are subjected to the traction-
free boundary conditions and the perfect bonding conditions of continuity of 
displacement and traction components at each interface, aside from the 
discontinuity of stress at one interface due to the impulsive loading. 
GOVERNING EQUATIONS AND TRANSFORM SOLUTIONS 
The analytical and numerical techniques employed in the solution to the 
general problem outlined above may be adequately demonstrated by the 
consideration of a simple example. Accordingly, we choose a symmetric four 
layer cross-ply laminate. The four layers are identical in material properties 
and in depth, h, and are perfectly bonded to each other. We set up a Cartesian 
coordinate system with the origin in the mid plane, the Xl axis being normal to 
the plate and the X2 - and X3 - axes being in the direction of transverse isotropy 
in the two outer and two inner layers respectively. The line source is taken to be 
a delta function impulse acting in the negative Xl direction on the upper inter-
face, Xl = h , at an angle ",/2 - 'Y to the X3 - axis. This sets up a plane wave 
travelling at an angle 'Y to the X3 - axis and parallel to the layers. 
Consequently the displacement and stress components at time in each layer 
become functions Ui(XI, X, t) and Ii/Xl, X, t) of Xl, X and t only, where t is 
the time and X = X2 sin y + X3 cos Y , (i, j = 1, 2, 3). These components are related 
through the appropriate constitutive equations valid in each layer. 
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We take the Laplace transform with respect to the time t and the Fourier 
transform with respect to the spatial variable x of both the displacement and 
stress components. These are typified by the equation 
1jj (Xl, k, s) = j j tij (Xl, X, t) e-st e-ikXdt dx 
-~O 
(1) 
Let us restrict attention for the moment to one of the inner layers. The 
equations of motion and the constitutive equations therein reduce to a system 
of ordinary differential equations and algebraic relations to determine the 
transformed displacements and stress components as functions of Xl. The 
governing equations are then of the form 
~ 
-=Ay dx l -- (2) 
where .Y is the transpose of the vector (UI, U2, U3, Tll, T12, T13) and A is a 
6 X 6 matrix where elements are functions of the elastic constants, the 
transform parameters, k,s and the angle of propagation y. Three further 
algebraic relations define the remaining transformed stress components, 
T22, T23 and T33 in terms of the elements of .Y. 
The general solution of equation (2) may be written as 
(3) 
where P is the 6 X 6 matrix of eigenvectors of the vector A, lj (Xl) is a 6 x 
6 diagonal matrix and I{ is a 6 - vector of arbitrary constants. 
This procedure is then repeated for the two outer layers. Having now 
derived the solutions for all four layers we subject them to the appropriate 
boundary and interface conditions. These are traction-free outer surfaces 
and continuity of the vector y at the mid-plane Xl = 0 and the lower 
interface Xl = -h. At the upper interface, xl = h, the time dependent line 
load, I,- = (LI' L2, L3)T is chosen to be of the form 
Ll = -8 (t) 8 (x ), (4) 
where oCt) is the Dirac delta function, and T denotes the transpose. 
Thus, the conditions valid at Xl = hare 
y (h)+J =y (h) (5) 
- 1 - - 2 
where J is the transpose of the vector (0, 0, 0, -1, 0, 0). Y (h) is given by 
the vector y (Xl) appropriate to the upper layer (h:;; Xl i. l2h) and evaluated 
at Xl = h and y (h) is given by the vector y (Xl) appropriate to the second 
layer (0:;; Xl:;; h)2 and also evaluated at Xl = h-. 
Once all the boundary and interface conditions have been implemented, 
it is possible to express the transformed components of displacement and 
stress at any level within the plate in terms of the elastic constants, the 
transform parameters and the propagation angle. This may be typified by the 
expression 
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U( - k ) h(k,s) 
I XI, ,s = h(k,s) 
where XI is a given value of Xl. 
(6) 
In order to recover the displacements and stresses as functions of X and t. 
the transforms have to be inverted. The formal solution for equation (6) is 
1 - r+ i-I (k s ) (-) f I _I_'_e steikxds dk UI X ,x,t = --2 
4Jt" i --r-i-h(k,s) (7) 
The integral with respect to s may be evaluated in terms of the residues 
of the integrand at zeros of the function h(k, s) in the left hand plane. It 
turns out that the equation 
h(k, iw)=O (8) 
is the dispersion equation for plane harmonic waves of frequency w 
propagating at an angle y to the X3 axis in an identical plate under zero 
internal loading conditions. This equation has an infinite number of pairs of 
roots W j = ± W j (k), (j = 1, 2 .... ), each pair corresponding to forward and 
backward travelling waves associated with one branch of the dispersion 
curve. 
We solve this equation numerically and evaluate the residues R(k, s) 
where 
II (k,s) 
R(k, s) = dlf2 (k,s»/ds (9) 
It can be shown that R(k. s) is an even function of k 
s, so that equation (7) may be written as 
and an odd function of 
2i - -
UI (i,x, t) = - L I ~ (k) sin w/k)t cos kx dk 
Jt"j=lo 
{ R(k,s)s = iWj(k) where ~(k) = -R(k) . 
,s s = -lwj(k) 
(10) 
(11) 
Thus, the first numerical step is to solve the dispersion equation (8). The 
procedure employed is to fix k and find the first 20 values of W which satisfy 
the equation, W j (k) k = 1, ... 20. This is repeated for 1,000 values of k and these 
20,000 pairs of values of W j (k) and k are stored, together with the 
corresponding value of the residue R j(k). 
The expression for the displacement u 1 given by equation (10) is then 
evaluated by numerical integration at a fixed value of the time t, and 
different values of x. 
Full details of the transform inversion and the numerical integration 
may be found in [l]. 
1401 
DISCUSSION OF RESULTS 
The results we quote are for a typical carbon fiber-epoxy resin 
unidirectional composite, with the ratio of the modulus along the fibers to that 
orthogonal to the fibers of the order of 25. In this paper we demonstrate the 
effect of the load orientation on the displacement u 1 , normal to the plate. We 
have chosen a fixed value for the time t = 200hlc, where c is the speed of a 
longitudinal wave travelling transverse to the fibers. The diagrams show the 
variation of u 1 as a function of the propagation distance x/h from the line 
load. This variation of u 1 is evaluated at five different levels in the plate, 
namely, the two outer surfaces and the three interfaces. For figure (I), the 
angle of propagation 'Y is 30° whilst for figure (2), 'Y is 60°. 
Both these figures show that the basic underlying response of the plate 
is a decaying sinusoidal disturbance. However, the superimposed oscillations 
contain a wealth of information which can serve to highlight the 
significance of the load orientation. Since to the wave propagating at 'Y = 30° 
the plate appears quite different from when it is propagating at 'Y = 60° , we 
shall refer to the former as plate 1 and the latter as plate 2. Plate. 1 has an 
inner core which is stiffer than its outer layers whereas the converse is true 
for the second plate. 
The most obvious difference between figures (1) and (2) is in the 
amplitude and wavelength of the sinusoidal disturbance. For plate I,· this 
disturbance has a maximum amplitude of 7.8 and a maxiumum half 
wavelength of 48, whereas for plate 2, the corresponding values are 6.0 and 
62. This indicates that the response of the first plate is much sharper and 
quicker than that of the second plate. This is consistent with the fact that the 
behaviour of a multilayered plate is governed to a large extent by its two outer 
layers. Since these outer layers of the first plate have a relatively low 
modulus, it is more flexible than the second plate which has the low modulus 
layers in the middle. 
Though the mid plane and the upper surface are equidistant from the 
line of impact, their response is not the same. This is in part due to the 
different boundary conditions valid on the two planes and also to the fact that 
the intervening layers have different moduli. The response of the mid plane 
of plate I is relatively quiet compared with that of the upper surface, whereas 
in plate 2, there is a slight increase in the superimposed high frequency 
oscillations as we travel downwards from the upper surface to the mid plane. 
This once again reflects the relative stiffness of the inner and outer layers. 
The inner core of plate 1 is stiffer than that of plate 2 and consequently will 
not permit as much short wavelength motion. 
Previous theoretical work [2] has indicated that the limiting short 
wavelength behaviour of the plate under investigation is angle dependent. 
When 'Y < 47.6°, this behaviour is a Rayleigh-type surface wave whereas 
when 'Y ~ 47.6°, the corresponding disturbance is a shear wave confined to 
the inner core. This prediction is validated by figures (1) and (2) since there 
is evidence of the presence of a very short wavelength motion at the upper 
surface of plate 1 which is absent from plate 2. Further evidence is derived 
from the fact that the scaled speed of a Rayleigh-type surface wave in plate I 
is 0.527, which means that the disturbance would have travelled a distance of 
xlh = 105.4 in the time t = 200hlc . This is precisely the distance at which the 
high frequency oscillations occur. 
As mentioned in the introduction, the reason for our interest in this 
problem was to determine whether the location of an internal line source 
could be predicted from the surface response. The results presented here 
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Fig. 1. Scaled Normal Displacement at t = 200h/c • 'Y = 300 
(i) Upper surface (ii) Upper interface (iii) Midplane 
(iv) Lower interface (v) Lower surface 
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Fig. 2. Scaled Normal Displacement at t = 200h/c , 'Y = 60° 
(i) Upper surface (ii) Upper interface (iii) Midplane 
(iv) Lower interface (v) Lower surface 
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refer to a line load at a fixed depth in the plate and work is in hand to evaluate 
the response due to loads at different depths. 
We remark that to date we have found that the response at the upper 
surface due to a line load at the upper interface is identical with the response 
at the upper interface due to the same line load acting on the upper surface. 
By using Green's function formalism, it can be shown that this is an example 
of a result which holds universally. 
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